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Abstract

We incorporate a friction into the standard competitive storage model of commodity prices
and derive equilibrium storage policies and spot prices. The friction introduces an element
of irreversibility to storage decisions, which leads to periods when storage operators do not
trade in the spot market and spot-price volatility is substantially greater than normal. It also
drives a wedge between the spot price and the market value of the stored commodity. When
the return on storage is correctly measured using the market value of the stored commodity,
instead of the spot price, the convenience yield is zero except during stock-outs. However,
when the return from storage is incorrectly calculated using the spot price, the convenience

yield is nonzero in the no-trade region.
JEL Classification code: D51, G13, Q1, Q4
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1 Introduction

The theoretical framework generally used to analyze commodity price behavior is a competitive
storage model in which speculators buy a commodity from producers and store it for subsequent
sale to consumers.! The key driver of the behavior in this model is the inability of inventory to
be negative. The standard model is frictionless in all other respects. In particular, there are no
costs associated with moving the commodity into or out of storage (although there are usually

ongoing costs of holding the commodity in storage for a period of time). However, commodities
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are physical (not financial) assets, and transporting them between spot markets and storage
facilities is costly. This paper incorporates these costs into the standard competitive storage
model and identifies some of the implications for spot prices and storage policies.

In our model a cost is incurred each time a unit of the commodity is moved into storage.? This
friction introduces an element of irreversibility into storage decisions—it is costly to move the
commodity into and then immediately out of storage (and also to empty and then immediately
refill a storage facility). As a result, the real option to delay selling the stored commodity can
be valuable, and this option drives a wedge between the spot price and the market value of
the stored commodity.? A storage operator that wishes to increase its inventory by one unit
must buy that unit in the spot market, as well as incur the cost of moving it into storage. In
return, the operator receives one unit of the commodity ready for immediate sale, as well as the
real option to wait and sell it at some future date. It is optimal for the operator to buy the
commodity in the spot market only when the value of this delay option is at least as great as
the cost of moving the commodity into storage. In contrast, a storage operator that wishes to
reduce its inventory by one unit must sell that unit in the spot market. Because such a sale
destroys the real option to wait and sell at a later date, it is optimal for the operator to sell the
commodity in the spot market only when this delay option is worthless. Thus, storage operators
will be buyers in the spot market when the delay option’s value is above some strictly positive
threshold, and they will be sellers when its value is zero. When the value of the delay option
lies anywhere between these two thresholds, storage operators do not trade in the spot market.*

There is a single explicit market in our model, the spot market for the commodity. However,
the model features an additional market, the financial market for ownership of the storage
operators themselves. It follows that there are actually two goods in our model—the commodity
being traded in the spot market and the commodity being held in storage—with the market value
of the stored commodity being determined in the market for ownership of storage operators. This
ensures that the expected growth rate in the market value of the stored commodity, adjusted for
ongoing costs of holding the commodity in storage, equals the appropriate risk-adjusted discount
rate.” As long as storage operators are trading in the spot market, the spot price will inherit

this property. However, whenever storage operators do not participate in the spot market, the

20ur theory also applies when it is costly to remove the commodity from storage.
3Heinkel et al. (1990) analyze the call option associated with holding a commodity in storage, but the decision

to release the commodity from storage is completely irreversible. In Routledge et al. (2000), ownership of the

stored commodity confers a valuable timing option that can be exercised during stock-outs.
“Constantinides (1986), Dumas and Luciano (1991), and Chavas et al. (2000) derive optimal trading strategies

for price-taking individuals facing transaction costs, and show that no-trade situations result. However, they do

not derive equilibrium prices.
SWe will assume that all individuals are risk neutral, so that the expected growth rate in the market value

of the stored commodity, adjusted for the ongoing cost of storage, equals the risk-free interest rate. However,
relaxing this assumption is straightforward, requiring only that we replace the actual process for the harvest in

our model with its “risk-neutral” counterpart.



items traded there are created and consumed instantaneously, so that there are no intertemporal
restrictions on the spot price: the expected growth rate in the spot price, adjusted for ongoing
storage costs, almost always deviates from the risk-adjusted discount rate.

Researchers have devoted a great deal of effort to understanding the expected return from
storage. The return is typically calculated as the sum of the expected growth rate in the
spot price and the so-called convenience yield, which is a flow of nonpecuniary benefits that
firms receive as long as they store the commodity (Kaldor, 1939; Working, 1948, 1949). The
convenience yield is believed to compensate investors for any expected rate of return shortfalls.
A variety of sources have been suggested for the benefits underlying the convenience yield. For
example, Telser (1958) suggests that inventory allows producers to reduce the costs of producing
at a given level and of varying output. Brennan (1958) suggests sources for the convenience
yield that include avoiding costs associated with frequent deliveries of inputs, avoiding delays
and costs of varying the production schedule to meet fluctuating demand, and the ability to take
advantage of price changes at short notice. One flaw with these motivations of the convenience
yield, which we address in this paper, is that they involve benefits that are received only when the
commodity is consumed, transformed as part of a production process, or otherwise destroyed—
they are not received while the commodity continues to be stored. Put simply, the traditional
interpretation of the convenience yield involves the storage operator “having its cake and eating
it too.” However, storing the commodity involves having the cake and not eating it.

In our model, the owner of the stored commodity receives no benefits—pecuniary or otherwise—
other than the capital gain. We show that, provided the rate of return is calculated using the
market value of the stored commodity, the expected rate of return from storage equals the risk-
adjusted discount rate. However, if the spot price is used instead, then the expected rate of
return from storage will deviate from the risk-adjusted discount rate when storage operators
withdraw from the spot market. The difference between the expected and required rates of
return would normally be attributed to a convenience yield. Thus, our model generates an en-
dogenous convenience yield that is the result of mis-measuring the return from storage and is
nonzero only when storage operators are not active in the spot market.

At all times, the market value of the stored commodity equals the sum of the spot price and
the market value of the real option to delay selling the stored commodity in the spot market.
The expected rate of return on storage is therefore a weighted average of the expected growth
rates in the spot price and the option value, adjusted for ongoing storage costs. Equilibrium in

the market for ownership of the stored commodity ensures that the (adjusted) weighted average

SWright and Williams (1989) offer another explanation for positive inventory in the presence of low expected
returns to storage that is based on mis-measurement. They argue that commodities that are aggregated for
reporting purposes are often economically distinct. They show that if the cost of transforming one commodity
into another is higher when carried out in a later period, then one commodity may be stored in positive quantities
even though (apparent) excess returns are available from storing the other commodity. Such a situation will

appear in the data as positive industry-wide storage with a negative expected return to storage.



always equals the risk-adjusted discount rate, so if the (adjusted) expected growth rate in the
spot price is lower than this, the (adjusted) expected growth rate in the option value must be
higher. Because the convenience yield equals the amount by which the (adjusted) expected
growth rate in the spot price falls short of the risk-adjusted discount rate, it must also equal
the amount by which the (adjusted) expected growth rate in the option value exceeds this level.
That is, the convenience yield can be interpreted as the expected excess return on the real option
to delay selling the stored commodity.

We believe that this interpretation of the convenience yield can be extended beyond our
particular model set-up. Different motivations for the convenience yield ultimately reduce to
different reasons why timing flexibility might be valuable. In our model the source of the timing
option’s value is the friction in storage, but it also could arise from frictions in production, for
example. Rather than equalling a flow of benefits received during the period over which the
return from storage is being calculated—which is the standard interpretation—we argue that
it actually represents changes in the present value of benefits that will be received only some
time after the measurement period, when the commodity is released from storage. Thus, storage
operators are not having their cake and eating it too. Instead, they are having their cake in
order that it may be eaten in the future.

Although much of our discussion centers on the expected value of changes in the spot price,
the no-trade region also leads to interesting behavior in the standard deviation of spot-price
changes. As long as storage operators are trading in the spot market, they will help dampen
shocks (in our model, supply shocks). However, when storage operators withdraw, the spot price
will bear the full impact of such shocks. This shows up in our model as periods of relatively low
price volatility while storage operators are trading in the spot market, interrupted by relatively
brief periods of much higher volatility when they do not participate. When the friction is
omitted from the model, the no-trade region does not arise and simulated prices exhibit little
heteroscedasticity.

Our paper adds to a growing literature that uses continuous-time equilibrium models to an-
alyze the behavior of commodity prices. Carlson et al. (2007) analyze an exhaustible resource
and find, amongst other results, that there is a U-shaped relationship between spot price volatil-
ity and the slope of the term structure of forward prices. Kogan et al. (2009) obtain a similar
result for futures price volatility in a model that features irreversible investment and a capacity
constraint, a result that they claim cannot be captured by standard storage-based models of
commodity prices. Casassus et al. (2009) build an equilibrium model involving a commodity
that is used as an input into a production process. There is no storage in their model, but a
friction in the commodity extraction process is sufficient to induce an endogenous convenience
yield.

The model is introduced, and its general properties described, in Section 2. This involves

first deriving a storage policy that a welfare-maximizing social planner would choose and then



proving that the resulting spot price can be achieved in an equilibrium setting where individual
storage operators take the spot price as given and adopt storage policies that maximize the
value of their business. Section 3 analyzes price behavior, starting by comparing the spot price
and the market value of the stored commodity, and then focussing on the qualitative properties
of spot prices. One particular case of the model is solved numerically, allowing us to document
some of the quantitative price behavior. Section 4 offers some concluding remarks. All proofs

can be found in Appendix A.

2 Solving for the equilibrium commodity spot price

2.1 Model set-up

There are three types of agents: consumers, producers, and storage operators. The latter
purchase the commodity from producers and store it for later sale to consumers. Producers
can also sell directly to consumers, but these sales occur immediately after production (that
is, only storage operators can store the commodity). All agents are risk neutral and storage
capacity is infinite. Let s; denote the total quantity of the commodity held in storage at date
t and suppose that inventory decays at the constant rate € > 0. Each unit of the commodity
purchased by storage operators increases inventory by only 1 — k units, but the commodity can
be removed from storage for sale in the spot market without any additional cost.” Thus, total

storage evolves according to
dsy = —(m(z¢) + es¢)dt, (1)

where z; is the rate at which storage operators sell the commodity to consumers® and

(1-kr)z, ifz<0,
m(z) =
z, if z>0.

The market-clearing spot price at date ¢ is p; = ¥ (y; + 2;), where the consumers’ inverse
demand function ¢ satisfies ¢’ < 0 and lim, .o %¥(q) = 0, and y; is the rate at which the
commodity is produced by producers. We suppose that y; evolves according to the diffusion
process

dyy = v(ye)dt + ¢(ye)dés, (2)

for some functions v and ¢. The risk-free interest rate, r, is constant.

2.2 Solving the social planner’s problem

The main focus of this paper is the commodity price that results from the competitive interaction

between storage operators. We will see that a relatively simple way to determine an equilibrium

"This particular friction is the specific source of the main results in our model. However, anything that
introduces an element of irreversibility into the decision to change storage levels will lead to valuable timing

options embedded in the stored commodity, and therefore to qualitatively similar results.
81f 2, < 0, then —z, is the rate at which storage operators purchase the commodity from producers.



storage policy is to first consider the problem facing a hypothetical social planner who maximizes

the present value of the incremental flow of total surplus attributable to storage, which equals®

Yt+2t
TS(ze; 1) = / Y(q) dg.

Yt
If zz > 0 (so that consumption of the commodity at date ¢ is raised due to storage activities)
then the sum of consumers’ and storage operators’ incremental surpluses is the increased area
under the demand curve, which is the part lying between consumption levels 4 and y; + 2. In
contrast, if z; < 0 (so that consumption of the commodity at date ¢ is reduced due to storage
activities) then the sum of consumers’ and storage operators’ surpluses falls by an amount equal
to the area under the demand curve between consumption levels y; + 2z; and y;.

The planner takes s and y as given and chooses the level of sales from storage z; = z(s¢, yt)

at all future dates t in order to maximize the present value of total surplus,

W(s,y) = Eo [/000 e " TS (2(se, ye); ye) dt ’ (50,%0) = (Say)] :

The corresponding Hamilton-Jacobi-Bellman equation is

21
O:mzax —(W(z)—i—es)aaws/—kyaag/ (;528

—rW + TS(z;y). (3)

The choice of z in (3) is constrained by the requirements that consumption and storage cannot
be negative; that is, y + z > 0 for all (s,y) and z < 0 whenever s = 0. If 2*(s, y) maximizes the
argument on the right hand side of (3) then W satisfies

2
0= ~(n(a*(5.0)) + 28 G + v+ LS

y+2*(s,y)
—rW +/ ¥(q) dg. (4)
y

The policy function z* and the value function W must be solved simultaneously. However, we
are able to express the optimal inventory management policy, z*(s,y), in terms of the marginal

social value of the stored commodity, %—VZ, by solving the maximization problem in (3).

Proposition 1 The socially-optimal storage policy depends on the marginal social value of the

stored commodity, %—I;V, as follows. When s > 0:

o if %—VSV < 9Y(y) then the planner reduces inventory, choosing z* > 0 defined implicitly by
Dy +27) = G

o if Y(y) < 8—W < @f(fyg then the planner holds inventory constant, so that z* = 0;
° zf 1 H %—‘;V < (fl_z then the planner raises inventory, choosing z* € [—y,0] defined

implicitly by Y(y + z*) = (1 — ’i)%;

o if %—I;V > f(folz then the planner stores the entire harvest, so that z* = —y.

9Deriving a competitive equilibrium by solving an associated “surplus” maximization problem has a long

history in studies of commodity markets (Samuelson, 1971; Scheinkman and Schechtman, 1983).



When s = 0:

o if {BT < =2 then the planner sells the entire harvest to consumers, so that z* = 0;

o if % < %—VSV < % then the planner stores some of the harvest, choosing z* € [—y,0]

defined implicitly by ¥ (y + 2*) = (1 — “)8871/51/;

o if %—VSV > %ﬂg then the planner stores the entire harvest, so that z* = —y.

Proposition 1 shows that for any particular level of the harvest, there will be three distinct
ranges for the marginal value of storage. If it is sufficiently low then the planner will sell the
commodity out of storage at a rate such that consumers’ willingness to pay for one additional
unit of consumption, 1(y + z), equals the increase in overall welfare from storing one additional
unit, %—‘;V. In contrast, when the marginal value of storage is sufficiently high, the planner will
purchase the commodity and store it at a rate such that consumers’ willingness to pay for one
additional unit of consumption, ¥(y+ z), equals the increase in overall welfare from storing 1 — &
additional units, (1 — ﬁ)%—‘f Between these two ranges, the marginal value of storage is not high
enough to justify diverting any of the harvest from the spot market and it is not low enough to

justify boosting the harvest with sales from storage.'?

2.3 Competitive equilibrium

We now show that if z*(s,y) denotes a socially optimal storage policy then there exists a com-

petitive equilibrium with spot price equal to

Pt = P(St7yt) = 1/’(% + Z*(Stvyt)) (5)

at date t. Our first step is to consider a firm that currently holds z units of the commodity
in storage and takes the spot price process in (5) as given. The firm chooses its own storage
policy in order to maximize its market value. Specifically, the firm chooses its rate of sales from

storage at each date t, w; = w(xy; s¢,y¢), in order to maximize

oo
G(xv‘S?y) = EO |:/ eirtw(mt;stvyt)P(Stayt) dt («TO,SO,Z][}) = (.T7S,y) )
0
where its total inventory evolves according to
dry = —(m(w(xy; s, y1)) + exy)dt.

The choice of w is constrained by the requirement that w < 0 whenever x = 0; that is, the
firm’s storage cannot be negative.'! Solutions to this equation, one of which is described in the

following proposition, correspond to optimal storage policies for a price-taking storage operator.

1071 the frictionless case (that is, when k = 0), it is socially optimal for storage operators to not trade in the

spot market only when either (i) inventory is positive and 387‘2/ = 1(y), or (ii) inventory is zero and %—VSV < YP(y).
11n keeping with standard competitive equilibrium models, we assume that the firm believes it can always

buy and sell as much of the commodity as it wishes. In particular, the firm’s choice of w is unaffected by the

nonnegativity constraints on consumption and aggregate storage.



Proposition 2 An optimal storage policy for a price-taking storage operator with x units of the

commodity in storage is to sell from storage at the rate

w(ess,y) = =" (s,). (6)

(Negative values of w correspond to spot market purchases.) The market value of such a storage

operator equals x%—‘f .

If each storage operator i, who has x! units of the commodity in storage, follows the policy
described in Proposition 2, then total inventory is >, r! = 5; and total sales from storage equals
Zwi = Z ﬁz*(st,yt) = 2"(st, )

i i
The spot price at date ¢ would equal ¥ (y; + 2*(s¢, yt)), which is the expression in (5). That is,
if each firm takes the price in (5) as given and maximizes its own market value using the policy
in Proposition 2, then the market-clearing spot price equals the one in (5). That is, the price in

(5) can arise in a competitive equilibrium.

Proposition 3 There exists a competitive equilibrium in which the aggregate storage policy is
given in Proposition 1, the market-clearing spot price is given by equation (5), and the market

value of each unit of the stored commodity is V (s,y) = %—VSV.

The form of the policy in Proposition 1 determines the behavior of aggregate storage in
this equilibrium. In particular, the presence of frictions means that the periods when storage
operators appear on the demand side of the spot market are separated from those when they
appear on the supply side by discrete intervals. In contrast, when there are no frictions, storage
operators switch from one side of the market to the other rapidly and repeatedly.

The equilibrium behavior of individual storage operators can be understood in terms of the
real options associated with storage, as we explain in the next section. A storage operator
that wishes to increase its inventory by one unit must buy that unit in the spot market, as
well as incur the cost of moving it into storage (in our model, an amount equal to the product
of k/(1 — k) and the spot price). In return, the operator receives one unit of the commodity
ready for immediate sale, as well as the real option to wait and sell it at some future date.
It is optimal for the operator to buy the commodity in the spot market only when the value
of this delay option is at least as great as the cost of moving the commodity into storage. In
contrast, a storage operator that wishes to reduce its inventory by one unit must sell that unit
in the spot market. Because such a sale destroys the real option to wait and sell at a later date,
it is optimal for the operator to sell the commodity in the spot market only when this delay
option is worthless. Thus, storage operators will be buyers in the spot market when the delay
option’s value is above some strictly positive threshold, and they will be sellers when its value
is zero. When the value of the delay option lies anywhere between these two thresholds, storage

operators do not trade in the spot market.



3 Price behavior

3.1 The real option to delay selling the stored commodity

There is a single explicit market in our model, the spot market for the commodity. However,
our model has an additional market, the financial market for ownership of the storage operators
themselves. Equilibrium in the latter market requires that the expected rate of return earned
by storage operators equals the risk-free interest rate, which determines the market value of
storage firms, as well as their behavior and ultimately the spot price. Thus there are actually
two goods in our model—the commodity being traded in the spot market and the commodity
being held in storage. Their respective prices are the spot price and the market value of a firm
holding one unit of the stored commodity, where (from Proposition 3) the latter is equal to the
marginal value that the planner attributes to inventory. These prices are not equal, but storage
operators’ ability to transform one good into the other means that they are closely related.
The spot price will never fall below (1 — )V (s,y), because if it did storage operators would
demand an infinite amount of the commodity in the spot market, making an immediate gain of
(1 —K)V(s,y) — P(s,y) on each unit purchased. Except during stock-outs, it will never climb
above V (s,y), because if it did storage operators would instantaneously sell their total inventory
in the spot market, making an immediate gain of P(s,y) — V (s, y) on each unit sold. The spot
price is thus constrained to a band bounded below by (1 — &)V (s,y) and above by V (s,y).!2
When storage operators are selling the commodity in the spot market, the spot price lies at the
top of this band; when they are buying the commodity from producers, it lies at the bottom.
However, if the spot price lies above the lower bound and below the upper one then storage
operators do not trade in the spot market at all: the spot price is too high for purchasing the
commodity in the spot market to be profitable, and too low for selling the stored commodity to

be profitable. These results are summarized in the following proposition.

Proposition 4 As long as inventory is positive, the market-clearing spot price satisfies

(1 - H)V(Svy) < P(Svy) < V(Svy)a
with P(s,y) equalling the lower bound if z*(s,y) < 0 and the upper bound if z*(s,y) > 0, and
otherwise equalling P(s,y) = ¥ (y).

It is useful to think of each unit of the stored commodity being a bundle comprising a unit
of the commodity committed to immediate sale in the spot market and the real option to delay
this sale until a future date of the owner’s choosing. The value of the first component is the

spot price P(s,y) and the value of the second component, which we denote by U (s, y), satisfies

V(s,y) = P(s,y) + U(s,y). (7)

12The upper and lower bounds are identical if there are no transaction-cost frictions, in which case the spot

price always equals V (s, y).



Proposition 4 shows that U(s,y) equals zero when storage operators are selling in the spot
market, equals (k/(1 — k))P(s,y) when they are buying in the spot market, and is otherwise

somewhere between these two bounds.

3.2 Convenience yield and the expected return to storage

The expected return from storage is typically calculated as the sum of the expected growth rate
in the spot price and the so-called convenience yield, which is a flow of nonpecuniary benefits
that firms receive as long as they store the commodity. The convenience yield is believed to
compensate investors for any expected rate of return shortfall. In this section we analyze the
convenience yield that arises endogenously in our model and we interpret it in terms of the
decomposition of the stored commodity into the commodity committed for immediate sale and
the real option to delay that sale.

Although the rate of return from storage is usually calculated using the spot price to value the
stored commodity, Section 3.1 shows that the correct approach is to use V. Moreover, because
the owner of the stored commodity receives no cash flows or benefits other than the capital gain,
the total expected rate of return from storage equals the expected growth rate in V', adjusted
for the decay associated with storage. Since V is the price of a traded asset—ownership of one
unit of the stored commodity—equilibrium in the market for ownership of this asset will ensure
that the expected rate of return from buying the stored commodity and holding it for later sale
equals the risk-free interest rate. Since inventory decays at rate €, the expected growth rate in

the price must exceed the risk-free interest rate by this amount.

Proposition 5 The expected growth rate in the price of the stored commodity equals
1 E[dV]
vV odt

Proposition 5 shows that, if the stored commodity is valued correctly, a convenience yield is not

=r+e. (8)

needed to equate the expected rate of return from storage to the risk-free interest rate.

As long as storage operators are active in the spot market, the spot price is proportional to
V and so will share the same expected growth rate. However, in the region where z* = 0, the
lack of storage-operator involvement means that the spot price is simply equal to the level at
which demand for consumption of the commodity equals the level of the harvest. In this case,
there is no intertemporal smoothing on either the demand or supply sides of the market, and so
nothing to prevent the expected growth rate in the spot price from deviating from r +¢. Trends
in the harvest therefore flow through directly into trends in the spot price. The next proposition

gives the precise form of the expected growth rate in the spot price.

Proposition 6 (Spot-price drift) The expected growth rate in the spot price equals

lE[dP] _ r+e, ifZ*(Svy) 7é Oa (9)
podt (' (y) + 30%0" (W) /(). if 2*(s,y) = 0.

10



We will see that in the frictionless case the region where z*(s,y) = 0 has measure zero during
periods when inventory is positive, so that the expected growth rate in the spot price is almost
always equal to r + € except during stock-outs.

In the region where storage operators are active in the spot market, the expected growth
rate in the spot price is independent of the current level of the spot price: there is no short-run
mean reversion in this case. However, when the spot market separates from the market for
ownership of the stored commodity, the expected growth rate varies with the current level of
the spot price. Given this complex behavior, tests for mean reversion using high-frequency spot-
price data that are based on simple autoregressive processes, for example, are inappropriate.
Alternative approaches, such as using the dynamics of the term structure of futures prices as in
Bessembinder et al. (1995), may be more effective.

Proposition 6 shows that there will be situations in which the expected growth rate in the
spot price differs from r + €. The usual approach to dealing with this apparent violation of
equilibrium behavior is to posit a convenience yield. It follows immediately from Proposition 6

that in our model this convenience yield equals

E[dP] 0, if 2*(s,y) # 0,

dt (r+e)e(y) — v’ (y) — 56°0"(y), if 2*(s,y) = 0.

It is nonzero only when storage operators are not trading in the spot market. In the frictionless

CY =(r+¢e)P—

case, the convenience yield is almost always equal to zero as long as inventory is positive; that
is, it is a stock-out phenomenon.

There are no nonpecuniary benefits from storage in our model. The only gain from holding
the stored commodity is the capital gain, and when the stored commodity is valued correctly
the expected capital gain, adjusted for storage-related decay, is the risk-free interest rate. Thus,
the convenience yield in our model is the result of the stored commodity being misvalued when
the “return” from storage is being calculated.

Nevertheless, it is possible to interpret the convenience yield as more than simply the conse-
quence of a valuation error. Recall that the value of the stored commodity is equal to the sum
of the spot price and the value of the real option to delay selling the commodity: V = P + U.
Using this decomposition to eliminate V' from equation (8) shows that

EldP]  E[dU]
a T a

=(r+¢e)(P+U),

which can be rearranged to give

CY =(r+¢)P— E[(ip] = E[ddtU] —(r+¢)U.

That is, the convenience yield is actually the expected excess return on the real option to delay
selling the stored commodity. If the spot price is expected to increase at a rate less than r + ¢
then the option will be expected to grow in value at a greater rate: the value of the bundle that

is the stored commodity will grow at rate r + € on average.

11



3.3 Spot-price volatility

While the previous subsection focuses on the drift in the spot price, this one concentrates on
spot-price volatility. Recall from [t6’s Lemma that the spot price has volatility

oP

¢(y)afy =

o+ ) (145 ).

If storage operators are currently active in the spot market (z* # 0), then the effect of a positive
harvest shock on the spot price will be partly offset by storage operators either buying more (if
z* < 0) or selling less (if z* > 0). Thus, spot-price volatility will be relatively low when z* # 0.
In contrast, if storage operators are not trading in the spot market (z* = 0), then a positive
harvest shock will flow directly through to the spot market. Thus, spot-price volatility will be
relatively high when z* = 0. Moreover, although 2z* is continuous at the boundaries between the
regions where z* = 0 and z* # 0, %—'z* will not be, so that there will be a (discontinuous) jump
in volatility when the system moves between these regions.

It follows that the spot price will experience distinct periods of especially high volatility,
which begin when storage operators withdraw from the spot market and end when they return.
Whenever storage operators are trading in the spot market, spot price shocks will be relatively
small and—as the result of the smoothing effects of storage—more persistent than harvest shocks.
In contrast, whenever storage operators are absent, spot price shocks will be relatively large and
less persistent than harvest shocks. In the special case where the friction is zero, the region
where z*(s,y) = 0 has measure zero, so that the high-volatility /low-persistence periods will be

absent (except during stock-outs).

3.4 Numerical analysis

In this section we present the details of a particular implementation of our model. We assume

that the harvest evolves according to

dy = n(p — y)dt + oy, dg,

and that the inverse demand curve is described by ¥ (x) = (u/x)®, where 1, p, o, and « are
positive constants. The harvest flow generated by this process is mean-reverting with uncondi-
tional mean and variance of p and o%41/(2n), respectively. Deviations from the long-run level are
expected to decline at rate n, the harvest can never become negative and, provided 2nu > o2,
the harvest will always be positive.!3 We set . = 1, n = log 2, and ¢ = (log(2'/2))'/2, so that
the long-run average harvest level is unity, the half-life of harvest shocks is one year, and the
unconditional standard deviation of the harvest is half the unconditional mean. The units in
which the price is measured are chosen so that the price is unity when consumption equals the

long-run average harvest. We set a@ = 2 (so that the price-elasticity of demand equals —1/2),

13Cox et al. (1985) use this process to model interest rates, where properties of mean reversion and non-

negativity are also important.
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Figure 1: Equilibrium storage policy
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Notes. Each graph plots z*(s,y) as a function of the harvest (y) for three different levels of total
storage: the dotted curves correspond to s = 0, the dashed curves to s = 0.25, and the solid curves

to s = 0.50.

€ = 0.03, and r = 0.04. We consider two different values for the costs of moving the commodity
into storage: k = 0 and x = 0.05.

We present the model’s main outputs by plotting them as functions of the harvest level for
various levels of storage. As time evolves, the harvest level changes; as long as z* # 0, then the
level of storage changes as well. However, changes in storage are of order O(dt), whereas harvest
changes are of order O(\/%) Thus, for the purposes of interpreting the behavior in the various
graphs, it is reasonable to treat the storage level as constant for small changes in the harvest.

We begin by solving for the equilibrium storage policy using the approach described in
Appendix B. Figure 1 illustrates the resulting policy for two different levels of the friction,
% = 0 in the left-hand graph and x = 0.05 in the right-hand one. The three curves plot z*(s,y)
as a function of the harvest (y) for different levels of total storage: the dotted curves correspond
to s = 0, the dashed curves to s = 0.25, and the solid curves to s = 0.50. When the harvest
is poor, storage operators sell the commodity from storage (that is, z* > 0) as long as storage
is positive; when the harvest is good, storage operators buy the commodity and store it (that
is, z* < 0); when inventory is high, inventory is either sold more aggressively (that is, positive
values of z* are larger) or bought more cautiously (that is, negative values of z* are smaller).
The right-hand graph shows that when a friction is introduced, a range of harvest values appears
for which storage operators temporarily withdraw from the spot market—they neither buy nor
sell the commodity until the harvest moves out of this region.

Figure 2 uses the same format as Figure 1, but plots the market-clearing spot price. The
graphs show that the spot price is decreasing in both the level of the harvest and total storage.
When the storage technology contains a friction, the spot price is especially sensitive to the
harvest in the region where z* = 0, corresponding to the kinks in each of the curves in Figure 2,

which are aligned with the “flat spots” in Figure 1.
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Figure 2: Spot price behavior
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Notes. Each graph plots the spot price, P(s,y), as a function of the harvest, y, for three different
levels of total storage: the dotted curves correspond to s = 0, the dashed curves to s = 0.25, and

the solid curves to s = 0.50.

Finally, Figure 3 illustrates the behavior of the expected growth rate in the spot price (the
top two graphs) and the volatility (the bottom two graphs), where the latter is expressed as a
proportion of the spot price. The graphs have the same format as Figure 1. Consistent with
the discussion in Sections 3.2 and 3.3, in the frictionless case, as long as inventory is positive
the expected growth rate in the spot price equals 7 4+ € (so that the convenience yield is zero)
and volatility is approximately constant. During a stock-out, if the harvest is sufficiently low
then the inability of storage operators to offset poor harvests results in high spot-price volatility
(storage operators cannot buffer harvest shocks) and expected growth rates that deviate from
r 4+ €. Including the friction in the model has little impact on spot-price behavior during stock-
outs. However, differences are clearly evident when inventory is positive. Although the expected
growth rate still equals r 4+ ¢ and spot-price volatility is still low and approximately constant
when storage operators are trading in the spot market, neither of these properties hold when
storage operators withdraw from the spot market: the top right-hand graph shows that the
expected growth rate differs from r + ¢ and the bottom right-hand one shows that volatility

increases dramatically.

4 Concluding remarks

This paper extends the standard competitive-storage model of commodity prices by incorpo-
rating a transaction cost reflecting the costs of moving a commodity into storage. We derive
the conditions for a competitive equilibrium, showing that the real option to delay selling the
stored commodity can be valuable and that this leads to a range of spot prices in which storage
operators do not trade in the spot market. They will be buyers in the spot market when the

delay option’s value is at least as great as the cost of moving the commodity into storage, and

14



Figure 3: Spot-drift drift and volatility
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Notes. Each graph in the top panel plots the expected growth rate in the spot price as a function
of the harvest, y, for three different levels of total storage: the dotted curves correspond to s = 0,
the dashed curves to s = 0.25, and the solid curves to s = 0.50. Each graph in the bottom panel

plots the instantaneous volatility of the spot price for the same three storage levels.

they will be sellers when its value is zero. When the value of the delay option lies anywhere
between these two thresholds, storage operators do not trade in the spot market. It follows that
there are actually two goods in our model—the commodity being traded in the spot market and
the commodity being held in storage—with the market value of the stored commodity being
determined in the market for ownership of storage operators. The spot price inherits the prop-
erties of the market value of the stored commodity when storage operators are active in the spot
market: small and relatively persistent price shocks, and an expected growth rate (adjusted for
ongoing storage costs) that equals operators’ risk-adjusted discount rate. However, when storage
operators are not trading in the spot market, the spot price is decoupled from the market value
of the stored commodity, resulting in a period of large and relatively transient shocks to the
spot price.

Although our model is framed in terms of three distinct types of agents—consumers, pro-
ducers, and storage operators—our results apply to a variety of situations that better match
some real-world arrangements, where the distinctions between these agents may be blurred. For

example, producers might operate their own storage facilities, as is common in markets for agri-
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cultural commodities. Producer-storers will send their produce directly to the spot market when
the spot price is in the no-trade region, and hold onto whatever inventory they have. Where
there is no market for ownership of stand-alone storage operators, as envisaged in our model,
the market value of the stored commodity will be determined in the market for ownership of
producer-storers.

The results in this paper have implications for the way we think about and model commod-
ity spot price behavior. First, in contrast to the traditional story that the convenience yield
represents a flow of nonpecuniary benefits received during the period over which the return
from storage is being calculated, we argue that it actually represents changes in the present
value of benefits that will be received only some time after the measurement period, when the
commodity is released from storage: the convenience yield is the expected excess return on the
real option to delay selling the stored commodity. Moreover, if the expected rate of return on
storage was measured correctly—using the market value of the stored commodity rather than
the spot price—the convenience yield would be zero whenever inventory is positive.

Second, our model makes several predictions about spot price behavior that are not cap-
tured by the stochastic processes typically used when valuing commodity derivatives and other
contingent claims. The simplest models assume that the commodity price follows geometric
Brownian motion with a constant convenience yield, while other models use a mean-reverting
stochastic process to model the behavior of the convenience yield (Schwartz, 1997; Casassus and
Collin-Dufresne, 2005). Our results suggest that neither approach is consistent with a theory
of equilibrium spot-price behavior incorporating frictions in the storage and trading process.
For example, our results indicate that the spot price will experience periods of unusually low
volatility (when the convenience yield is zero), interrupted by periods of unusually high volatil-
ity (during which the convenience yield is nonzero). This behavior is not consistent with the
approaches described above, although it could be captured in a regime-switching framework.

Investigation of such possibilities is left as a topic for future research.
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Appendices

A  Proofs

A.1 Proof of Proposition 1

The marginal benefit of sales from storage equals ¥(y + z) — (1 — /@)%—ZV when z < 0 and

w(y—i—z)—%—zv when z > 0.

The simpler of the two cases in the proposition is where s = 0, since then we need to consider
only the behavior of the marginal benefit of sales from storage over the interval z € [—y,0]. If
P (0) < (1— R)%—ZV then the marginal benefit of sales from storage is negative for all z € [—y, 0),
so that the planner should choose z* = —y. If ¥(y) > (1 — /ﬁ)%—‘f then the marginal benefit of
sales from storage is positive for all z € [—y, 0], so that the planner should choose z* = 0. In all
other cases, the planner should choose z* € [—y, 0] defined implicitly by ¥ (y + z*) = (1 — ﬁ)%—vsv.

Now we turn to the case where s > 0. This is more complicated, as we need to consider the
behavior of the marginal benefit of sales from storage over both the intervals z € [—y,0] and
z € [0,00). If (0) < (1— /{)%—VSV then the marginal benefit of sales from storage is negative for all
z € [—y,00), so that the planner should choose z* = —y. If ¥(y) < (1 — /i)%—zv < ¢(0) then the
marginal benefit of sales from storage is zero for some z* € [—y, 0], so that the planner should
choose this z*, which is defined implicitly by ¥ (y + 2*) = (1 — ﬁ)%—‘f. If (1— /{)%—ZV <YP(y) < %—ZV

then the marginal benefit of sales from storage is positive for any allowable z < 0 and negative
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for all z > 0, implying that z* = 0 is socially optimal. Finally, if ¢ (y) > %—VSV then the marginal
benefit of sales from storage is zero for some z* > 0, so that the planner should choose this z*,

which is defined implicitly by ¢(y + 2*) = .

A.2 Proof of Proposition 2

We begin by proving that if the market value of a storage operator equals x W then w = zz */s
is an optimal storage policy. We then show that if a storage operator adopts this policy, its

market value equals xaaw

8W whenever it

Suppose that the market value of a storage operator equals G(x;s,y) = *%-
holds z units of the commodity in storage. If the firm sells w dt units of the commodity over

the next interval of time lasting dt years, then it has current market value
wpdt + e "M E[G(x + dx; s + ds,y + dy)),

which reduces to

2
%—G + 1/% 7¢2% - rG) dt.
S

Glaisny) + (wp — (n(w) 4 20) 50 — (r(:") + 29) 50 + 05

It therefore chooses w in order to maximize wp — W(w)%—f = wp— TF(w)M. From Proposition 1,

if 2*(s,y) < 0 then p = (1 — x)%¥ and the firm chooses w in order to maximize

ow 0 if w<0,
(w(1 — ) — m(w)) - = o
s —kwG-  ifw > 0.

It follows that any w* < 0 is optimal when z*(s,y) < 0. Similarly, if z*(s,y) > 0 then p = %—‘;V

and the firm chooses w in order to maximize
ow
(w ﬂ(w))aw rwS-  if w <0,
Os 0 if w > 0.

It follows that any w* > 0 is optimal when 2z*(s,y) > 0. Finally, if 2*(s,y) = 0 then (1— )a—W <

p < %—I;V and the firm chooses w in order to maximize

(w )aw (p—(1-r)Pw ifw <0,
wer ds (p— %st)w if w>0.

Since this function is increasing in w for w < 0 and decreasing in w for w > 0, it follows that
w* = 0 is optimal when z*(s,y) = 0. Optimality of the proposed storage policy w = zz*/s
follows immediately.

Now we value a firm that manages its storage facility according to the policy described by
w* = xz*/s. Since it sells w* dt units of the commodity over the next interval of time lasting dt

years, its market value, G, satisfies
G(x;s,y) = w'pdt + e "UE[G(x + dx; s + ds, y + dy)],

19



which reduces to

z z G 0G| 9G 1 ,0°G
=2 — (Zr(z* = (x(z = —2t 2 Gl A-1
0= 22— (Tr(z) +ox) T2 = (n(=") +es) 57 +v TR A (A-1)

The form of the storage policy, together with the constant returns to scale of the storage technol-
ogy, implies that the market value of the firm will equal G(z;s,y) = 2V (s,y) for some function

V to be determined. Substituting this expression for G into (A-1) shows that V must satisfy

B ov 8V 50 * m(z*)
0=—(m(z") +e¢ s)a——l— 8y (]57 (7"+€)V+< o V).
The form of 7 allows us to rewrite this as
B oV BV 1 262V ¥l (2*) (OW z* ;o o OW

The last term on the right hand side is identically equal to zero,'* so that V is determined by

ov ov 9 V z* ow
=— — — = V+— — =V
0 (()+s)8+8y ¢ (r4+e)V+ w()<88 )
It is straightforward to show that V = T is a solution to this equation.
A.3 Proof of Proposition 4
Proposition 1 shows that when 2*(s,y) < 0,
Vi(sy) = oW _Yly+2"(s,y)) _ Pls,y)
Y ds 1-k 11—k’
and when z*(s,y) > 0,
ow N
V(S,y) = g = ¢(y +z (Svy)) = P(S7y)
A.4 Proof of Proposition 5
Differentiating equation (3) with respect to s shows that V = 2% gatisfies
0= —(n(*(s, 1)) + 53)%;/ + ygz 7¢2—V (4 e)V 40,
where
¥ oW\ 0z*
0= (vl ) -7 )G ) o
Note that (i ) £ = ( in the region where z* = 0 and (ii) the term in large brackets equals zero
in the region Where 2% # 0. Thus 6 = 0 for all (s,y), implying that
E[dV] ov ov 5 0%V
o —(r+e)V=—(n(z )+s.s)a—+ En +— 372_(7”*5“/:0'

4 This is obviously the case when z* = 0. Moreover, Proposition 1 shows that p = W’(Z*)%—VSV whenever z* # 0,

so that the last term vanishes whenever z* # 0 as well.
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A.5 Proof of Proposition 6

When z*(s,y) = 0, the spot price is P(s,y) = ©¥(y) and It6’s Lemma implies that

E[dP]
dt

=/ (y) + 5670 ().

When z*(s,y) > 0, Proposition 1 shows that the spot price is P(s,y) = ¢(y + 2*) = %;-. Itd’s

Lemma implies that

EWP] (oo PW WL W
at e £ 5s2 0s0y 27 0s0y? )’

The Hamilton-Jacobi-Bellman equation, (3), implies that

. ow oW 1
0=—(m(z )—i—ss)g +1/% + 5(1)

L 02
Oy?

—rW + TS(z%;y).

Differentiating with respect to s shows that

W PW 1, PW oW

0=—(r(z") +es) 0s? + V@s@y 27 0s0y?

where we have used the Envelope Theorem to remove the terms involving %. It follows that

EldP] . PW . PW 1, PW ow
pranke <—(7r(z ) +€s) a2 —i—l/m—i- 27 507 ) = (7'—1—5)% =(r+e¢)P.

The case when z*(s,y) < 0 can be treated in the same way.

B Numerical solution method

We use policy iteration to solve for the social planner’s optimal storage policy on a discrete
grid in (s, y)-space. The starting point is an initial guess for the social planner’s storage policy,
denoted z(o)(s,y), which we calculate using Proposition 1 for the case where %—‘;V =1 (that is,
we set %—‘;V equal to the price when consumption equals the long-run average harvest). Given the
storage policy z(")(s,y), we solve the finite difference approximation of the partial differential
equation (4) after making the substitution z* = 2", using central differences to approximate %—‘;V
and %—‘;V. We impose numerical boundary conditions along the boundaries of the grid. Once we
have found the finite difference approximation to the social planner’s objective function, which
we denote W™ (s, y), we use Proposition 1 to calculate the new storage policy 2"+ (s, 7). We

repeat this sequence of steps until convergence occurs.
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